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The Campanelli-Lousto solutions of Brans-Dicke theory, usually reported as black holes are re-
considered and shown to describe, according to the values of a parameter, wormholes or naked
singularities. The veiled Schwarzschild metric recently used as an example to discuss conformal
frames and their equivalence corresponds to a special case of the CL metric. The conformal cousins
of these solutions, and of the Riegert black hole solution of conformally invariant Weyl theory,
are analysed, leading to a word of caution when interpreting physically spacetimes generated via
conformal transformations from known seed solutions.
PACS numbers: 04.70.-s, 04.70.Bw, 04.50.+h
I. INTRODUCTION
There are relatively few exact solutions of alternative
theories of gravity, although many such theories are cur-
rently studied with various motivations ranging from the
possibility of using them to explain the current acceler-
ation of the universe without dark energy, or for their
properties in the early universe, as low-energy effective
theories for quantum gravity, as emergent gravity theo-
ries, or just as toy models to understand which properties
are, or are not, desirable in a theory of gravity (for recent
reviews see [1–3]).
When getting to know a theory of gravity, it is impor-
tant to understand its spherically symmetric solutions
and especially its black holes. The protoype alterna-
tive to Einstein’s theory of General Relativity (GR) was
Brans-Dicke theory [4], later generalized to scalar-tensor
gravity [5]. An early classification of spherical solutions
of Brans-Dicke theory was given by Brans [6]. A common
tool used in scalar-tensor and other theories of gravity
is that of conformal transformations, which relate the
physics in one conformal representation of the theory
(“Jordan frame”) to another (“Einstein frame”). Con-
formal transformations are useful to generate solutions
of a theory from known seed solutions of another, but
also to relate different solutions within the same theory.
There has been a debate about the physical equivalence
of conformal frames (see, e.g., [7, 8] and the references
therein) and recently the “veiled Schwarzschild space-
time” has been used as an example for discussions of
conformal frames [9–11]. Among the known spherically
symmetric and static solutions of Brans-Dicke theory are
the Campanelli-Lousto spacetimes [12], which are usu-
ally reported as black holes or “cold black holes” (be-
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cause they have zero surface gravity and temperature
[13]). It turns out that the veiled Schwarzschild space-
time is a special case of the Campanelli-Lousto metrics
corresponding to certain fixed values of the parameters.
Given the widespread use of conformal transformations
in gravity and in cosmology, one would like to understand
better the veiled Schwarzschild metric and the more gen-
eral Campanelli-Lousto class to which it belongs, as well
as veiled black holes in other theories of gravity. Extra
motivation is provided by the finding that generalized
Brans-Dicke solutions describe asymptotically Lifschitz
black holes in the Jordan (but not in the Einstein) frame
[14].
In this paper we will first show (in Sec. II) that
the three-parameter Campanelli-Lousto class of solutions
of Brans-Dicke theory does not describe black holes.
It corresponds, instead, to wormholes or naked sin-
gularities, respectively, according to the value of one
of the parameters. We then identify, in Sec. III, the
veiled Schwarzschild spacetime with a special case of the
Campanelli-Lousto class and discuss its properties. A
similar analysis is performed in Sec. IV for the veiled
Riegert black hole, which is a solution of Weyl’s theory
of gravity. It is found that caution is needed not to con-
fuse Einstein frame metrics with scaling units of mass,
length, and time with their versions with fixed units, and
that special care must be taken when interpreting physi-
cally even straightforward mathematical results (Sec. V).
Sec. VI contains the conclusions.
II. THE CAMPANELLI-LOUSTO SOLUTIONS
OF BRANS-DICKE THEORY
To begin with, we recall the Brans-Dicke field equa-
tions
Rµν − 1
2
gµνR =
ω
φ2
(
∇µφ∇νφ− 1
2
gµν∇αφ∇αφ
)
2+
1
φ
(
∇µ∇νφ− 1
2
gµνφ
)
, (1)
φ = 0 . (2)
The Campanelli-Lousto class of spherically symmetric so-
lutions of Brans-Dicke theory [12] is given by1
ds2 = −V b+1(r)dt2 + dr
2
V a+1(r)
+
r2
V a(r)
dΩ2(2) (3)
where
V (r) = 1− 2µ
r
, (4)
φ(r) = φ0V
a−b
2 (r) , (5)
r > 2µ, dΩ2(2) = dθ
2 + sin2 θ dϕ2 is the line element on
the unit 2-sphere, µ > 0, a, and b are parameters, and φ0
is a positive constant. We use units in which the speed
of light c and Newton’s constant G are set equal to unity
and we follow the conventions of Ref. [15].
The Brans-Dicke coupling parameter is
ω(a, b) = −2
(
a2 + b2 − ab+ a+ b)
(a− b)2 . (6)
Taking the trace of (1) and making use of (2), one has
Rµµ =
ω
φ2
∇αφ∇αφ . (7)
Thus, on the Campanelli-Lousto solution, the Ricci scalar
is
Rαα = −2 V
a−1(r)
r4
µ2
(
a2 + b2 − ab+ a+ b) . (8)
The Campanelli-Lousto solutions were believed to be
black holes and were presented as such in [12]. How-
ever, they correspond to wormholes in a certain region of
the parameter space and to naked singularity solutions
in other regions. The Campanelli-Lousto class of solu-
tions was rediscovered, with a different parametrization,
by Agnese and La Camera [16] who were apparently un-
aware of [12] and interpreted correctly these solutions as
wormholes in the relevant range of parameters. In the
following we provide an alternative analysis based on the
introduction of the areal radius and the related apparent
or trapping horizon.
As a first step, we note that the areal radius2 reads
R(r) =
r
V a/2(r)
. (9)
We must now distinguish two cases, corresponding to the
sign of the parameter a.
1 The notation differs slightly from that of Campanelli and Lousto
[12]: they denote a with −n, b with m, and 2µ with r0.
2 Note that the areal radius depends on the parameters a and µ,
but is independent of b.
A. The case a ≥ 0
Let us study how the area of 2-spheres of symmetry
behaves as r varies. We have
dR
dr
=
1
V
a+2
2
[
1− (2 + a)µ
r
]
(10)
and the areal radius (and consequently the area 4piR2 of
2-spheres which are orbits of the isometry) decreases for
2µ < r < rmin ≡ (2 + a)µ, has a minimum
Rmin ≡ R(rmin) = (2 + a)a−a/2µ (11)
at rmin, and increases for r > rmin (fig. 1). By using the
relation between differentials
dr =
V
a+2
2 (r)
1− (2 + a)µ/r dR , (12)
it is straightforward to rewrite the Campanelli-Lousto
line element (3) as
ds2 = −V b+1(r)dt2 + V (r)[
1− (2+a)µr
]2 dR2 +R2dΩ2(2) .
(13)
The apparent (or trapping) horizons of a spherically sym-
metric spacetime are located by the equation ∇cR∇cR =
0, corresponding to gRR = 0 and r = rmin. Because
of the exponent 2 in the denominator of the coefficient
of dR2, however, gRR does not change sign at its zero
r = rmin but has a double root there (see fig. 2). Con-
sider a bundle of radial outgoing null rays which start
at r < rmin and propagate outward. Their expansion
θl is positive for r < rmin (corresponding to the cross-
sectional area of the bundle increasing as one moves along
the bundle), it vanishes at r = rmin (corresponding to a
stationary cross-sectional area of the bundle), and then
it is positive again for r > rmin (where this area be-
gins increasing again). Therefore, the apparent horizon
at rmin is not a black hole, but rather a wormhole ap-
parent horizon. Thus, we answer the question posed in
Ref. [17] asking whether wormholes supported solely by
the Brans-Dicke scalar field are possible when the condi-
tion ω < −3/2 is violated.
B. The case a < 0
If instead a < 0, the areal radius becomes
R(r) = rV
|a|
2 (r) (14)
and has a different shape. The minimum of the function
(14) occurs at rmin = (2 + a)µ < 2µ and R(r) is always
increasing in the relevant range r > 2µ, with r → +∞
corresponding to R→ +∞ (see fig. 3). In this case there
is no apparent horizon.
3FIG. 1: the areal radius R(r) as a function of r (in units of
µ, for the parameter values µ = 1 and a = 2).
FIG. 2: the metric coefficient gRR as a function of r/µ (for
the parameter values µ = 1 and a = 2).
The Ricci scalar is given by (8) and, if a < 1, diverges
as V → 0 when r → 2µ+. The scalar field (5) also van-
ishes there. For a < 1, therefore, the Campanelli-Lousto
spacetimes contain a naked singularity at R = 0 (i.e.,
one that is not enclosed by a black hole horizon). Black
holes, wormholes, and naked singularities can in prin-
ciple be distinguished through the observation of their
gravitational lensing effects [18].
C. The case a = b
There remains to consider the special case a = b. The
limit b → a corresponds to ω → ∞ in eq. (6) and to the
scalar field (5) becoming a constant: this is the limit to
GR. Formally, in this limit the line element (3) reduces
FIG. 3: the areal radius R as a function of r (in units of µ,
for the parameter values µ = 1 and a = −3).
to
ds2 = −V a+1(r)dt2 + dr
2
V a+1(r)
+
r2
V a(r)
dΩ2(2) , (15)
which is recognized as the Fisher-Janis-Newman-
Winicour line element [19]
ds2 = −V ν(r)dt2 + V −ν(r)dr2 + r2V 1−ν(r) dΩ2(2) (16)
for ν = a + 1. This solution, rediscovered by vari-
ous authors [20], is the most general static and spheri-
cally symmetric solution of the Einstein equations with
zero cosmological constant and a massless scalar field
[21]. However, by reducing to a constant, the scalar
field of the Campanelli-Lousto solution effectively dis-
appears from the stress-energy tensor of the Brans-Dicke
massless scalar field, which contains only first and second
derivatives of φ. Recall that the Brans-Dicke field equa-
tions (1) and (2) reduce to the vacuum Einstein equations
Rµν = 0. Setting the Ricci scalar (8) equal to zero when
b = a gives a = −2, 0. The value a = b = 0 yields im-
mediately the Schwarzschild solution with mass µ. For
a = b = −2, as noted already in [12], the coordinate
change R = r − 2µ turns again the line element into the
Schwarzschild one with mass parameter m = −|µ|. It
had to be so because, in vacuo, the Jebsen-Birkhoff the-
orem requires that the only static spherically symmetric
solution of Rµν = 0 with zero cosmological constant be
the Schwarzschild solution. This is also in agreement
with a weak version of the Jebsen-Birkhoff theorem in
scalar-tensor gravity [22].
III. THE VEILED SCHWARZSCHILD BLACK
HOLE
In a recent paper, Deruelle and Sasaki discuss confor-
mal transformations between different conformal frames,
4having in mind the Jordan frame and the Einstein frame
used in scalar-tensor and f(R) gravity, and argue the
physical equivalence of these conformal frames. This pa-
per should be placed in the context of an ongoing debate
on the physical equivalence of conformal frames (espe-
cially in scalar-tensor gravity (see, e.g., [7, 8] and the
references therein and in [9]). Deruelle and Sasaki use as
an example the “veiled” Schwarzschild black hole, i.e.,
they take the Schwarzschild line element of GR
ds2 = −
(
1− 2M
r
)
dt2 +
dr2
1− 2Mr
+ r2dΩ2(2) (17)
as the Jordan frame metric and perform a conformal
transformation to the Einstein frame metric gµν −→
g˜µν = Ω
2gµν with conformal factor Ω = 1/
√
1− 2M/r.
The result is the “veiled” Schwarzschild metric
ds˜2 = −dt2 + dr
2(
1− 2Mr
)2 + r21− 2Mr dΩ
2
(2) . (18)
The veiled Schwarzschild example is used also in [10] to
show that the location of an apparent horizon is not in-
variant under conformal transformations, and in [11] as
an explicit example of an apparent (but not event) hori-
zon to question standard beliefs about the thermodynam-
ics of dynamical apparent horizons.
While, in general, conformally transforming a solution
of a certain theory of gravity (including GR) does not
produce another solution of that theory corresponding
to the same form of matter (or to any reasonable mass-
energy distribution), the point of [9] is that the conformal
transformation generates an equivalent representation of
the same physics provided that the scaling of units in the
Einstein frame length ∼ Ω, time ∼ Ω, and mass ∼ Ω−1
is taken into account, as explained long ago by Dicke
[23]. In other words, when developing a theory of grav-
ity, it must be said how ordinary matter couples to grav-
ity. In the Jordan frame matter is minimally coupled
to the spacetime metric, the Einstein equivalence prin-
ciple holds, and units are fixed. In the Einstein frame,
in which the gravitational part of the action assumes the
Einstein-Hilbert form, matter is coupled to both the met-
ric and the conformal factor Ω (or the scalar field φ) and
the units are no longer fixed (this property is true not
only in the Einstein frame, but in all the “veiled” frames
conformally related to the Jordan frame). The familiar
results which follow from the Einstein equivalence prin-
ciple do not hold in the “veiled” frames and either the
notion of varying units or that of variable masses and
couplings has to be introduced, expressing the fact that
a minimally coupled theory has become a non-minimally
coupled one. Then, a conformal transformation does not
change the physics. However, one must be careful in us-
ing the Einstein frame description since misunderstand-
ings can occur, as explained below.
The veiled Schwarzschild metric is nothing but a spe-
cial case of the Campanelli-Lousto solutions (3) of Brans-
Dicke theory corresponding to the parameter values a =
1, b = −1, and µ =M . According to the discussion of the
previous section, this identification gives the areal radius
R(r) =
r√
1− 2Mr
. (19)
This function decreases between 2M < r < rmin = 3M ,
assumes the minimum value Rmin = R(3M) = 3
√
3M ,
and then increases for r > 3M . As explained above
for the general Campanelli-Lousto class of solutions, the
metric (18), taken at face value, describes a wormhole,
not a black hole. However, [10] also notes that the
quantity which is important to locate when considering
conformal transformations is not the apparent horizon
(which, contrary to event horizons, changes location un-
der a change of conformal frame). Instead, it is a new sur-
face, characterized in [10] in terms of an entropy 2-form,
which is to be considered in place of the apparent horizon
when conformal transformations are involved. Indeed, it
is noted in [10] that there are no true trapping horizons
(at r = 3M or elsewhere) in the veiled Schwarzschild met-
ric (18) and that the expansions of both ingoing and out-
going radial null geodesic congruences vanish at r = 3M .
When the correct horizon defined through an entropy
2-form is taken into account, the metric (18) is inter-
preted again as a black hole, not as a wormhole [10].
This fact becomes more intuitive if one thinks that the
apparent horizon is the place where the cross-sectional
area A of a bundle of null rays becomes stationary and
that, when the units of length are scaling in the Einstein
frame, the units of area scale as Ω2 and one must consider
not A but the ratio of this quantity to its unit, ∼ A/Ω2.
The ratio of the Einstein frame areal radius to its unit
is ∼ R/Ω = r, which is trivially monotonic and does not
describe a wormhole throat. The area of the black hole
horizon expressed in varying units of area is
A
Ω2
= 4piR2H
(
1− 2M
rH
)
= 4pir2H = 16piM
2 , (20)
where rH = 2M .
What should we make of all this? If one forgets that
the metric (18) is obtained from the Schwarzschild one
by means of a conformal transformation, one will nat-
urally consider the apparent horizons of this spacetime
instead of the new surface introduced in [10] to charac-
terize its nature. That is, one will correctly interpret the
metric (18) as a Campanelli-Lousto solution of Brans-
Dicke theory representing a wormhole. However, if the
metric (18) is instead seen as a conformally transformed
Schwarzschild metric, which represents a genuine black
hole (the prototypical one!) and one is aware that the
apparent horizon of this metric is not the relevant quan-
tity, but the relevant substitute of this concept is to be
located using the prescription in [10] which is conformally
invariant, then (18) takes on a new meaning and is in-
terpreted as a black hole instead of a wormhole. Note
that both interpretations are correct given the context to
which they refer, and that this context is very different in
5the two situations. If one does not know that (18) comes
from the conformal transformation of the Schwarzschild
black hole outer region, the only admissible interpreta-
tion of (18) is a wormhole spacetime. Vice-versa, if it
is required that (18) is an Einstein frame metric arising
from the conformal transformation of the Schwarzschild
black hole, the interpretation is quite different: units are
scaling in this frame, and the correct quantity to con-
sider is not the surface where the expansions of null radial
geodesic congruences vanish, but the surface introduced
in [10].
To summarize, assigning a metric does not tell the
whole story about a spacetime: if the metric arises from
a conformal transformation of another metric, solution
of a certain theory of gravity, this piece of information
should be specified as an essential ingredient of the model
because it determines the choice of quantities to be stud-
ied (e.g., here, the apparent horizon versus the redefined
horizon of [10]), the whole context in which to study the
metric and, consequently, the physical interpretation of
that spacetime metric. This amounts to specifying that
ordinary matter is non-minimally coupled to gravity in
the Einstein frame.
One way to determine the mass of a black hole or spher-
ical body operationally is by studying the deflection of
light in the corresponding spacetime, a technique widely
used to map the distribution of dark matter in galax-
ies and clusters. The famous Einstein formula for the
deflection angle of a light ray grazing the surface of a
spherical body of mass M and radius R is δα = 4M/R
and is obtained in the weak-field approximation of the
Schwarzschild solution. This deflection angle should also
be obtained in the veiled Schwarzschild spacetime. A pri-
ori this is obvious because null geodesics are conformally
invariant but, without this piece of information, it is not
immediately clear that this is the case just by looking at
the metric (18). Appendix A shows how the calculation
of the deflection angle and the empirical determination
of the lens mass give the same result in the Schwarzschild
and the veiled Schwarzschild spacetimes.
IV. VEILED CONFORMAL GRAVITY BLACK
HOLES
The notion of veiled black hole may be generalized and,
in order to have again a solution of the system one is
dealing with, we consider a conformally invariant theory
of gravity. Thus, first we revisit Weyl gravity, namely
a conformally invariant quadratic gravity theory and its
black hole solution found by Riegert and discussed by
others [24, 25]. More precisely, we shall discuss the re-
lated topological black hole solutions [26, 27]. To begin
with, we write down the action of the model, namely
I =
∫
M
d4xC2 , (21)
where C2 ≡ CµνρδCµνρδ is the square of the Weyl tensor.
This conformally invariant gravity model is very interest-
ing and its phenomenology has been investigated in [28]
as a gravitational alternative to dark matter.
We are interested in spherically symmetric static solu-
tions with a topological horizon, namely
ds2 = −W (r)dt2 + dr
2
W (r)
+ r2dΣ2k , (22)
where
dΣ2k =
dρ2
1− kρ2 + ρ
2dφ2 , (23)
and the real parameter k can be k = 1 (then the horizon
manifold is the usual sphere S2), k = 0 (then the horizon
manifold is the torus T2), or k = −1 (in which case the
horizon manifold is a compact hyperbolic manifold Y2).
The topological Riegert solution can be written in the
form [27]
W (r) = k + 3c0 − c0
C
(2k + 3c0)r + br
2 − C
r
, (24)
where c0, C, and b are integration constants. The event
horizon exists as soon as there is a positive real solution
rH of the equation W (r) = 0. For example, if C > 0 and
b = 1L2 > 0, there exists always a positive root. Another
simple case is b > 0 and c0 = 0, or b = 0 and k = 0.
As already explained, the related topological “veiled
black hole” may be obtained by a conformal transforma-
tion with Ω = 1/
√
W (r), namely
ds˜2 = −dt2 + dr
2
W 2(r)
+
r2
W (r)
dΣ2k . (25)
In order to analyse this metric, which is still a spherically
symmetric static solution of Weyl conformal gravity, we
recall the general Hayward formalism [29] and note that
the spherically symmetric static spacetime can be written
as
ds˜2 = dγ2 +R2(x)dΣ2k , (26)
where the normal metric reads
dγ2 = γij(x) dx
idxj = −dt2 + dr
2
W 2(r)
. (27)
Thus, the new areal radius is
R(r) =
r√
W (r)
. (28)
The coordinate r has a range such that W (r) > 0. As a
function of r, R(r) diverges when r→ rH . The trapping
horizon is defined by
γij∂iR∂jR =W
2(r) (R′(r0))
2
= 0 , (29)
6and this reduces to the extremal condition R′(r) = 0 for
R(r), namely
W (r0) =
r0
2
dW0
dr
. (30)
This condition defines a double “trapping” horizon at r =
r0, but without a trapped region since the two expansions
of ingoing and outgoing radial null geodesic congruences
are both vanishing at r = r0 (see Appendix B for further
discussion). Making use of the Hayward invariant surface
gravity, which can be defined in the presence of a generic
trapping horizon
κH =
1
2
γR
∣∣∣
H
, (31)
one has in our static case
κH =
1
2
W 20R
′′
0 . (32)
The second derivative of the areal radius at the apparent
horizon is
R′′0 =
1
2W
3/2
0
(W ′0 − r0W ′′0 ) (33)
Then, R′′0 > 0 if and only if κH > 0. Thus, R has a
local minimum and is locally a wormhole since the lapse
function is trivially constant. We may write
κH =
1
4
W
1/2
0 (W
′
0 − r0W ′′0 ) . (34)
As an example, for the veiled Schwarzschild black hole,
whereW (r) = 1− 2Mr , one has κH = 16√3M in agreement
with [11].
A further local characterization may be achieved by in-
troducing the Kodama vector, which is a natural gener-
alization of the Killing vector ∂t to spherically symmetric
static spacetimes. It is defined on the normal space and
is trivially extended to the whole spacetime, namely
Ki =
εij ∂jR√−γ . (35)
In our case, one has
K(r) =W (r)R′(r) ∂t , (36)
and at the double horizon r = r0 where R
′
0 = 0, it is
K0 = 0, which is a typical local property of wormholes.
Finally, we can investigate the asymptotic behaviour.
When r → rH , the radius of the original black hole event
horizon, the veiled metric (25) reads
ds˜2 = −dt2 + 1
κ2H u
2
(
du2 + r2H dΣ
2
k
)
(37)
where the new coordinate u is small, being defined by
u2 =
4
W ′H
(r − rH) , (38)
and κH = W
′
H/2 is the surface gravity of the original
black hole. For example for k = 0, corresponding to an
initial toroidal black hole, one has locally R × H3, H3
being the hyperbolic 3-dimensional space.
With regard to the other limit, it depends on the range
of r. For example, if one assumes that b > 0 and the orig-
inal black hole is asymptotically anti-de Sitter then, when
r → rH (the original black hole event horizon radius), the
veiled metric reads
ds˜2 = −dt2 + 1
b2
dv2 +
dΣ2k
b
, (39)
with the new coordinate defined by v = 1/r, thus large r
corresponds to small values of v.
V. CAMPANELLI-LOUSTO SPACETIMES IN
GR ARE FISHER-JANIS-NEWMAN-WINICOUR
If the veiled Schwarzschild metric (18) is regarded as
the conformal transform of the Schwarzschild black hole
in an Einstein frame, with the information that all units
are scaling and only ratios of quantities to the respective
units are to be considered as physical (but not the quan-
tities themselves), then (18) is interpreted as describing
a black hole. If instead the line element (18) is taken
without this information, i.e., with fixed units, it is cor-
rectly interpreted as describing a wormhole spacetime.
This situation, to which we arrived by contemplating the
line element (18), has a counterpart in the general case
of the Campanelli-Lousto solution (3), of which (18) is a
special case. That is, suppose that we perform the stan-
dard conformal transformation to the Einstein frame of
Brans-Dicke theory (gµν , φ) −→
(
g˜µν , φ˜
)
with
g˜µν = Ω
2gµν = φgµν , (40)
φ˜ =
√
2ω + 3
16pi
lnφ . (41)
Then the vacuum Brans-Dicke action
SBD =
1
16pi
∫
d4x
√−g
(
φR − ω
φ
gµν∇µφ∇νφ
)
(42)
is cast into the Einstein frame form
SBD =
∫
d4x
√
−g˜
(
R˜
16pi
− 1
2
g˜µν∇˜µφ˜∇ν φ˜
)
, (43)
where a tilde denotes Einstein frame quantities. If one
forgets about the origin of this action and the scaling
of units in the Einstein frame, one will interpret (43) as
the action of GR with a minimally coupled and non self-
interacting scalar field φ˜ and fixed units. Then, the solu-
tions of the vacuum Brans-Dicke theory will correspond
to solutions of GR with this scalar field. The Campanelli-
Lousto class of solutions (3) generates a corresponding
7class of solutions of GR with a free minimally coupled
scalar field (and fixed units) which coincides with the
Fisher-Janis-Newman-Winicour [19] class, as is shown
below. The lesson is that, when the information that
varying units should be used in the Einstein frame is
dropped, the Campanelli-Lousto wormholes do not cor-
respond to black holes of Einstein theory.
Let us see how this situation occurs. The Campanelli-
Lousto line element conformally rescaled according to
eq. (40) is
ds˜2 = −V a+b+22 (r)dt2 + dr
2
V
a+b+2
2 (r)
+
r2
V
a+b
2 (r)
dΩ2(2) ,
(44)
where eq. (5) has been used and an irrelevant multiplica-
tive constant has been dropped. According to eq. (41),
the minimally coupled free scalar field sourcing this met-
ric is
φ˜ =
±(a− b)
8
√
pi
√
−(a+ b)(a+ b + 4) lnV (r) (45)
if b 6= a. In order for this expression to be real, the
argument of the square root must be non-negative, which
corresponds to ω > −3/2 and yields
− 4 ≤ a+ b ≤ 0 . (46)
The solution depends only on the combination δ ≡ a+b2
and not on a and b separately and it is recognized to
be of the Fisher-Janis-Newman-Winicour form (16) with
ν = δ, subject to the constraint −2 < ν < 0. Since
the Fisher-Janis-Newman-Winicour metric is the most
general static and spherically symmetric solution of the
Einstein equations with zero cosmological constant and a
massless scalar field as a source [21], the conformal trans-
formation of the Campanelli-Lousto line element cannot
give a new solution of GR. The areal radius is
R(r) =
r
V
a+b
4
(47)
(note that this expression depends on all the three pa-
rameters a, b, and µ, contrary to the one in eq. (9)) and,
since
dR
dr
= V −
(a+b+4)
4 (r)
[
1− µ
r
(
a+ b+ 4
2
)]
, (48)
formally the minimum of the function R(r) is at r0 =(
a+b+4
2
)
µ. However, the range of the radial coordinate
r in the line element (3) is r > 2µ and r0 > 2µ implies
a+ b ≥ 0, in contradiction with eq. (46). Therefore, it is
always r0 < 2µ and the areal radius R(r) = rV
|a+b|
2 (r)
is always an increasing function of r for r > 2µ, with
limr→2µ+ R(r) = 0.
Now, using the relation between the differentials of the
radial coordinates
dr =
rV
a+b+4
4 (r)
1− r0/r dR , (49)
one obtains the line element
ds˜2 = −V a+b+22 (r)dt2+ V (r)(
1− r0r
)2 dR2+R2 dΩ2(2) . (50)
Since we are now considering GR with fixed units (which
is a very different context from Brans-Dicke theory in the
Einstein frame with varying units), the apparent horizons
are located by the equation gRR = 0 or
(1− r0/r)2
V (r)
= 0 (51)
which has no roots for r > 2µ since r0 < 2µ. There are no
apparent horizons and the GR-with-fixed-units solutions
generated by the Campanelli-Lousto metrics (3) only cor-
respond to the second class of spacetimes discussed in
Sec. II B and to a subclass of the Fisher-Janis-Newman-
Winicour solutions.
The Ricci scalar is now
Rµµ =
µ2V
a+b−2
2
2r4
(a− b)2 [−(a+ b)(a+ b+ 4)] , (52)
and if a+b < 2, which is the case here, diverges as V → 0
when r → 2µ and R → 0. Also the scalar field (45)
diverges in this limit and the spacetime described by the
line element (50) contains a naked singularity at R = 0.
It is well-known that the Fisher-Janis-Newman-Winicour
solution exhibits a naked singularity at r = 2µ. This
result is consistent with that of Ref. [30] whose authors
find that adding a scalar field to the exterior Reissner-
Nordstro¨m or Kerr solutions shrinks the event horizon to
a point. Ref. [31] studies a more general metric in the
Einstein frame and provides conditions for it to describe
a wormhole. The line element (44) is less general than the
spherically symmetric metric of [31] and does not admit
wormholes. Our discussion of Sec. II is an (expanded)
Jordan frame version of the Einstein frame discussion of
[31].
VI. CONCLUSIONS
We have studied known solutions of Brans-Dicke the-
ory, Weyl theory, and GR related by conformal mappings.
First, the Campanelli-Lousto solutions of Brans-Dicke
theory which are believed to describe black holes, are
shown instead to correspond to wormhole spacetimes for
positive values of the parameter a, and to spacetimes con-
taining a naked singularity at R = 0 when a < 1. Then,
we realized that the veiled Schwarschild metric used as an
example in the discussion of the physical equivalence of
conformal frames coincides with the Campanelli-Lousto
solution of Brans-Dicke theory (3) for the parameter val-
ues a = 1, b = −1, and µ = M . When the Campanelli-
Lousto metrics are mapped to the Einstein frame and
their conformal cousins are regarded as GR solutions
(i.e., with fixed units), they always generate a subclass of
8the Fisher-Janis-Newman-Winicour solution containing
a naked singularity. The lack of a one-to-one correspon-
dence between black holes in the Jordan and Einstein
frames (in the absence of scaling units) was already noted
in [13, 32], although the difference between scaling units
and fixed units was not noted. The moral is that there is
a big difference between the Einstein frame with varying
units of time, length and mass (and of course, derived
units scaling in the appropriate way) and GR with fixed
units. The Campanelli-Lousto and veiled Schwarzschild
spacetimes demonstrate this difference. We have then
studied the veiled version of the Riegert black hole so-
lution of Weyl gravity, which is a conformally invariant
theory. Even in this situation, the conformal transforma-
tion of the Riegert black hole generates, as a solution of
the same theory, a wormhole without trapped regions.
Our discussion induces a word of caution when us-
ing conformal transformations to an Einstein frame and
drawing physical interpretations of the mathematical re-
sults. In such situations, properties which seem obvious
are not always true.
Appendix A: Empirical determination of the mass of
unveiled and veiled black holes using light deflection
Consider a photon starting at spatial infinity which,
in the absence of a gravitational lens, would have as
unperturbed path the z-axis and the unperturbed four-
momentum
pµ(0) = (1, 0, 0, 1) = δ
µ
0 + δ
µ
3
in Cartesian coordinates (t, x, y, z). Let us introduce now
a spherical lens of massM described by the Schwarzschild
metric (17) and assume that lensing occurs in the weak-
field regime. The photon four-momentum is now pµ =
pµ(0) + δp
µ and satisfies the null geodesic equation
dpµ
dλ
+ Γµαβp
αpβ = 0
which, to first order in the deflections, reduces to
d (δpµ)
dλ
+ Γµαβp
α
(0)p
β
(0) = 0 ,
where
Γµαβ =
1
2
ηµσ (hσα ,β + hσβ ,α − hαβ ,σ)
and the metric is expressed as the Minkowski metric plus
perturbations, gµν = ηµν + hµν . Integrating along the
photon path between the source and the observer gives
δpµ = −
∫ O
S
dλΓµαβp
α
(0)p
β
(0) ≃ −
∫ O
S
dz Γµαβp
α
(0)p
β
(0) ,
where to first order it is legitimate to approximate the
photon path with the unperturbed path (the z-axis)
along which λ ≃ z = t.
In the veiled Schwarzschild spacetime (18) the null
geodesic equation is still satisfied by the four-momentum
p˜µ of the photon,
d (δp˜µ)
dλ
+ Γ˜µαβ p˜
α
(0)p˜
β
(0) = 0 .
Strictly speaking, a conformal transformation can change
an affinely-parametrized geodesic into a non-affinely
parametrized one, but it is possible to reparametrize the
null geodesic using an affine parameter such that the z-
axis coincides with the unperturbed photon path and
p˜µ(0) = p
µ
(0) = δ
µ
0 + δ
µ
3 , and we assume that this has been
done. Using the relation between the Christoffel symbols
of conformally related spacetimes
Γ˜µαβ = Γ
µ
αβ +
1
Ω
(
δµα ∂βΩ + δ
µ
β ∂αΩ− gαβ∂µΩ
)
,
one obtains
d(δp˜µ)
dλ
+ Γµαβ p
α
(0)p
β
(0)
+
[
δµα ∂β(ln Ω) + δ
µ
β ∂α(lnΩ)− gαβ∂µ(lnΩ)
]
pα(0)p
β
(0) .
Integrating along the unperturbed photon path between
source and observer yields
δp˜µ = δpµ
−
∫ O
S
dz
[
δµα ∂β(lnΩ) + δ
µ
β ∂α(lnΩ)− gαβ∂µ(ln Ω)
]
pα(0)p
β
(0)
and using the fact that
pα(0)p
β
(0) = δ
α
0 δ
β
0 + δ
α
0 δ
β
3 + δ
α
3 δ
β
0 + δ
α
3 δ
β
3 ,
it is
δp˜µ = δpµ − 4δµ0 [lnΩ]OS − 4δµ3 [lnΩ]OS .
Since the light source and the observer are in the asymp-
totic region, the terms in square brackets vanish and one
obtains δp˜µ = δpµ, as expected from the independent
knowledge that null geodesics are conformally invari-
ant. This result then produces the same deflection angle
and the same operational determination of lens mass in
the Schwarzschild metric and in the veiled Schwarzschild
spacetime.
Appendix B: The light sphere of the Reigert black
hole
Here we discuss a geometrical interpretation of the
double trapping horizon of a veiled black hole-wormhole
with regard to the so-called light sphere of the original
unveiled black hole.
9We recall that, given a spherically symmetric black
hole solution in the form
ds2 = −W (r)dt2 + dr
2
W (r)
+ r2dΩ22 ,
one can determine the associated light sphere by studying
the equation of motion of classical relativistic massless
particles. For a massless particle, it is well-known that
the associated Lagrangian may be written in the form
L =
1
2V
ds2
dλ2
,
V being the einbein and λ a suitable evolution pa-
rameter. We may deparametrize this relativistic
reparametrization-invariant system by making the choice
dλ = dφ, for angular variable. Then, choosing the other
angular variable θ = pi/2, eliminating the einbein V , and
making use of two other constants of motion k0 and h
associated with the conservation of energy and angular
momentum, respectively, a textbook approach provides
the equation of motion for the trajectory as well as the
first integral of motion
(
dr
dφ
)2
+ r2W (r) =
k20
h2
r4 .
As is well-known, it is convenient to make use of the
Newton variable u ≡ 1/r. Then, the equation of motion
of the light trajectory reduces to
d2u
dφ2
+ uW (u) +
u2
2
dW
du
= 0 .
The light sphere is defined by u = u0, describing a cir-
cular trajectory with constant radius. As a result, the
radius is determined by
u0W0 +
u20
2
dW0
du
= 0 .
In terms of the original radial coordinate r, one has
W (r0) =
r0
2
dW0
dr
,
which corresponds to the extremal property of the areal
radius of the related “veiled black hole”
ds˜2 = −dt2 + dr
2
W 2(r)
+
r2
W (r)
dΩ22 .
This property still holds true for a topological black hole.
However, the light sphere may not exist. For example,
let us consider the topological black holes in the presence
of negative or positive cosmological constant Λ [33–35]
where
ds2 = −V (r)dt2 + dr
2
V (r)
+ r2dΣ2k ,
with
V (r) = k − C
r
− Λ
3
r2 ,
and where C is a mass parameter, which in the case k =
−1 may be negative. The radius of the light sphere must
satisfy
r0 =
3
2k
C .
Note that this condition does not depend on Λ. For ex-
ample, for k = 0 (toroidal black hole), there is no finite
light sphere. For k = 1, r0 must be bigger than the event
horizon, and for Λ = 0, C = 2M , one obtains the well-
known result for the Scharzschild solution. For k = −1
and Λ < 0, the condition may be satisfied for a restricted
range of the mass parameter C.
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